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Outline & Objectives
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1- Context and Motivation

2- Immersed method and Eulerian Framework

2- Anisotropic meshing with conservative interpolation

3- Stabilized FEM for complex fluids: turbulent flows, multiphase flows

4- Towards coupling CFD and Data Sciences 



3MINES ParisTech, PSL 
► Founded in 1783

► 2300 persons, 240 researchers and professors, 400 PhDs

► 5 sites : Paris, Evry, Fontainebleau, Palaiseau and Sophia Antipolis

► 18 research centers

► 5 departments
u Geosciences

u Mathematics

u Mechanics and Materials

u Energy and Processes

u Economy, management and Society

Sophia Antipolis My office

Paris
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CFL Computing and Fluids Research group

Numerical framework (C++ parallel FEM library)

Applied Mathematics

Fluid Mechanics

High Performance Computing

Unsteady Navier-Stokes equations

Fluid-Structure interaction
Turbulence and heat transfer

Multiphase flows (liquid, vapor, solid…)

Yield stress and granular flows
Darcy and Porous media

Scalable implicit massively parallel solver

A posteriori error estimator

Anisotropic mesh adaptation

Adjoint solution and control

Interface and surface tension

► 11 researchers and professors

► 19 PhDs and 3 Postdocs
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Challenges « …essentially driven by real industrial applications »

Heat Treatment

Industrial Furnaces

Quenching Process

Metal Casting

Burner at ~50m/s

Complex geometries

Temperature > 1000°C

Turbulent mutliphase flows
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Challenges « …essentially driven by real industrial applications »

Involved physics 
- Multiphase flows
- Turbulent boiling
- Phase change
- Liquid-gaz-solid flows
- Water “agitators”
- Surface tension
- High thermal gradients
-…

Process parameters:
- Orientation & position
- Size of the tank and the part
- Technology (jet, fall, …)
- Stirring devices
- Fluid (water, oil, polymer …)
- …
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Other challenges « …essentially driven by real industrial applications »

Design of a new stratospheric airship Analysis and understanding of complex fluid flows

Jet impinging for cooling Aerodynamic performance of a buckled wing drone



Eulerian approach
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Common points: 
- Complex geometries
- Different phases (fluid-fluid, fluid-solid, …)
- Need for optimization
- Accuracy at the interfaces
-Computational cost
-Repetitiveness
-…



Interface capturing
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Basic definition

q Transport equation

qHamilton-Jacobi problem

Rising bubble
Without 

re-distancing
With

re-distancing

× Frequency for redistancing
× Mass conservation
× Additional transport equation
× Benefits from filtering
× Benefits from stabilized FEM

1

2

Shape representation



Interface capturing
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q Apply a filter close to the interface, i.e. :  

q Auto re-initialization equation

q Convective reactive level set method

q Stabilized finite element variational formulation 

Regular and filtered level set function 

C.Bahbah, and , E.Hachem et. al, Conservative and adaptive level-set method for the simulation of two-fluid flows, Computers & Fluids, Vol 191, 2019

one choice among many for linearization

q Shift the distance function restriction from      to   

q Time discretisation



Illustration: collapse of a water column
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q Two-fluid flow: water-air

M Khalloufi, Y Mesri, R Valette, E Massoni, E Hachem, High fidelity anisotropic adaptive variational multiscale method for multiphase flows with surface tension, Computer Methods in 
Applied Mechanics and Engineering, Vol 307, 44-67, 2016

L. Marioni, M. Khalloufi, F. Bay, E. Hachem, Two-fluid flow under the constraint of external magnetic field: revisiting the dam-break benchmark, International Journal of Numerical 
Methods for Heat & Fluid Flow, Vol. 27, pp. 2565-2581, 2017

Ø Navier-Stokes ? 
Ø Anisotropic meshing?
Ø Other physics (fluid-solid, complex fluids)?

q Validation using 5000 nodes



The Navier-Stokes equations
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[T.J.R. Hugues et al.,1998]
[L.P. Franca, A. Nesliturk, 2001]
[R. Codina, 2002]
[V. Gravemeier, W.A. Wall, E. Ramm, 2004]
[A. Masud, R.A. Khurram, 2006]
[E. Hachem et al., 2010]
…

Variational Multiscale formulation:

- the use of equal order continuous interpolations
- preventing from oscillations due to convection dominated flows

VMS: Variational MultiScale

- VMS methods consider large scales which are defined by projection into appropriate spaces
- Models both velocity and pressure unresolved scales
- Similarity with the implicit version of LES 

The subscales are approximated within each element K by:



[E. Hachem et. al, JCP 2010]
[E. Hachem et. al, CMAME, 2016]
[P. Meliga & E. Hachem, JCP, 2018]

The Navier-Stokes equations
13

Variational MultiScale method:
- approximate the fine scale within each element K
- inserting the expressions of the subscales in the coarse scale equations
- fully implicit resolution

and the stabilization parameters:

V V

hK



Anisotropic meshing
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q Metric-based anisotropic mesh adaptation

P. J. Frey and F. Alauzet. Anisotropic mesh adaptation for cfd computations. Computer Methods in Applied Mechanics and Engineering, 194(48-49):5068–5082, 2005.
J.-F. Remacle, X. Li, M.S. Shephard, and J.E. Flaherty. Anisotropic adaptive simulation of transient flows. International Journal for Numerical Methods in Engineering, 62:899–923, 2005
H. Beaugendrea R. Abgrall and C. Dobrzynskia. An immersed boundary method using unstructured anisotropic mesh adaptation combined with level-sets and penalization techniques. Journal of 
Computational Physics, 257:83–101, 2014

• Enables to capture scale heterogeneities
• Enables to deal with discontinuities or gradients 
• Crucial for boundary layers, shock waves, …
• Crucial for complex geometry: curvature, sharp angles,…
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q Motivation 2

q Motivation 1

• Dynamic Mesh adaptation
• A posteriori error estimator
• Multi criteria adaptation 
• Control (i.e. number of elements)
• Error analysis



15

q Metric construction

T. Coupez, E. Hachem, Solution of high-Reynolds
incompressible flow with stabilized finite element and adaptive
anisotropic meshing, Computer methods in applied
mechanics and engineering, Vol. 267, 65-85, 2013

jX
iX

ijXq Candidate for directions:

q Control the size of each edge
Xij using a stretching factor:

q Drive these stretching factors
using an edge based error
estimator:

Combining mesh adaptation with SFEM

q Multi criteria mesh adaptation
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Revisiting the lid driven cavity
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Combining BLM (boundary layer metric) and EBM (edge-based metric)



Optimal control of each sub-layer
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L. Billon, Y. Mesri, E. Hachem, Anisotropic boundary layer mesh generation for immersed complex geometries,
Engineering with Computers, pp. 1-12, 2016

q Tangential mesh size must depend on the geometry and consequently:
à shape, curvature and the complexity of the geometry

q In three dimensions, the geometry can have different behavior in its 
two tangential directions.

ü We refer to the geometry curvature to define properly the tangential 
directions and associated mesh sizes

ü It will allow us to define properly the anisotropic ratio and to ensure 
that the interface is smoothly and well described.



Optimal control of each sub-layer
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L. Billon, Y. Mesri, E. Hachem, Anisotropic boundary layer mesh generation for immersed complex geometries,
Engineering with Computers, pp. 1-12, 2016

• Boundary layer at the geometry interface
• Ensure a smooth mesh size transition 
• Build a quasi-structured mesh at the interface



BLM (boundary layer metric) 
20

G. Guiza, A. Larcher, A. Goetz, L. Billon, P. Meliga, E. Hachem, Anisotropic boundary layer mesh generation for reliable 3D unsteady RANS 
simulations, Finite Elements in Analysis and Design 170, 103345
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BLM (boundary layer metric) 



22
BLM (boundary layer metric) 



An iterative process – immersed of complex geometries
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Isovalues of the distance function on an anisotropic mesh



Towards a general Eulerian two-fluid framework
24

Liquid-vapor flows Yield stress flows

Granular flows



Eulerian two-fluid framework
25

Continuum approach for granular flow

Bingham

Intermediate state

à Yield stress fluid

Capillarity 
bridges

Newtonian

liquid

à Newtonian behaviour

Numerical issues

Granular

Granular material

à Pressure-dependent behaviour

τ = 2 µ −µs

I + I0
I + µs

γ

"

#
$

%

&
' pD(u)

0®p 0®g! surface tension high density / viscosity ratios

Jop et al., Nature, 2006



Coupling with fluid mechanics
26

Surface tension

M. Khalloufi, Y. Mesri, R. Valette, E. Hachem, 
CMAME 2016 

Papanastasiou regularization method

m : Papanastasiou regularization coefficient

[T. Papanastasiou 1987]

S. Riber, Y. Mesri, R. Valette, E. Hachem, 
Computers & Fluids, 2016

Extended to 3D free surface flows

[M. Bercovier,1980]

R. Valette, S. Riber, A.S. Pereira, M. Khalloufi, L. 
Sardo, E. Hachem, J. Comp. Phys., submit 2018



Numerical test 1: rising bubble
27
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Numerical test 2: collapse of a granular column

§ 3D dam break

Finally, the effect of bead size was investigated by per-
forming a few experiments where beads of diameter d
!1150"150!m were released on the sandpaper substrate
of roughness "#540 !m.

In Secs. III A–III C we concentrate on the result of the
two first series of experiments involving beads of diameter
d!350"50!m spreading either on the sandpaper substrate
or on an erodible bed. We discuss how M, a, and the rigid or
erodible nature of the rough ground affect the flow dynamics
and the deposit morphology. The series of experiments 3 and
4 focusing on the influence of the substrate roughness and of
the bead size are briefly discussed in Secs. III D and III E.

A. Qualitative description of the experiments

Depending on the value of the initial aspect ratio a of the
released granular mass, we observed two distinctive dynami-
cal regimes leading to three distinctive deposit morpholo-
gies. These dynamical regimes and the associated deposit
morphologies are illustrated by the three sequences of im-
ages displayed in Fig. 2 and by the corresponding series of
successive profiles displayed in Fig. 3. Although these data
were obtained in the particular case of the first series of
experiments where glass beads of diameter d!350"50!m
spread on the sandpaper substrate, the same qualitative be-
havior is observed in all our experimental series on rigid or
erodible ground, whatever the beads’ diameter or the ground
roughness.

The first regime observed for a#3 is illustrated in Figs.
2$a%, 2$b%, 3$a%, and 3$b%. Upon removal of the tube, the
margins of the granular mass crumble through an avalanche.
A flow front develops at the foot of the pile and propagates
radially outward &see Figs. 3$a% and 3$b%'. In the meantime, a
rear ‘‘starting’’ front separating the frontal flowing region
from the summital motionless region propagates inward as is
usually observed in dam break type situations.14 Note the
presence of an edge along the interface particularly visible

on the t!0.188 s image of Fig. 2$a% and the t!0.180 s image
of Fig. 2$b%. This edge, which separates a steep frontal region
from a summital region where the slope is smaller, remains
located at the initial position r!Ri of the edges of the granu-
lar column and progressively vanishes. Once the flow front
has ceased to move, a ‘‘stopping’’ front separating an exter-
nal region at rest from an internal still moving region forms
and propagates inward. In this first regime, two different de-
posit morphologies are encountered depending on a. For a
$0.74 the flow completely stops before the central undis-
turbed region has been completely consumed by the ava-
lanche &see Figs. 2$a% and 3$a%'. As a result, the final deposit
has roughly the shape of a ‘‘truncated cone’’ of height Hf
!Hi and of angle close to the repose angle of the beads (r
!21°. For 0.74$a#3, the avalanche completely consumes
the central undisturbed region as shown in Fig. 3$b%. As a
result the final deposit has a conical shape of height Hf
smaller than Hi &see Figs. 2$b% and 3$b%'.

The flow dynamics of the second regime observed for
a%3 is very different from that of the first one as visible in
Fig. 2$c%. Upon removal of the tube, the whole upper surface
of the granular column starts to move instantaneously. Once
again, a flow front develops at the foot of the pile and propa-
gates radially outward. In the meantime the upper part of the
column conserves its shape while descending &see Fig. 3$c%'.
The whole pile comes at rest in a time interval smaller than
the acquisition frame rate $0.02 s%. The final deposit profile
looking like a ‘‘Mexican hat’’ is made of a large almost flat
outer region and a steep central cone.

Note that in the first regime the curvature of the deposit
profile is positive all along the profile. On the contrary, the
second regime deposits are characterized by the presence of
an inflexion point separating an outer region where the cur-
vature is negative from a central cone where the curvature is
positive. The appearance of this inflexion point has therefore
been chosen as a criterion to distinguish regime 2 from re-

FIG. 2. Three sequences of images corresponding to
d!350 !m beads spreading on a sandpaper substrate
of roughness "#540 !m. $a% Regime 1, a!0.56, M
!950 g, Ri!70.5 mm. $b% Regime 1, a!0.8, M
!1450 g, Ri!70.5 mm. $c% Regime 2, a!5.4, M
!600 g, Ri!28 mm.

2373Phys. Fluids, Vol. 16, No. 7, July 2004 Spreading of a granular mass on a horizontal plane

R. Valette, S Riber, L Sardo, R Castellani, F Costes, N Vriend, E Hachem,
Sensitivity to the rheology and geometry of granular collapses by using
the µ (I) rheology, Computers & Fluids 191, 104260



Numerical test 2: collapse of a granular column
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§ Comparisons with the discrete method

Lagree et al., J. Fluid Mech. 2011 

2D

3D

Aspect ratio a=2

Aspect ratio a=7



Numerical test 3: Collapse of a Bingham column
30

§ 2D and 3D Bingham dam break problem: effective viscosity, yielded regions and adapted mesh

Aspect ratio a = 1
Bn = 0:03 at 
t = 10 and 100

Aspect ratio a = 1
Bn = 0:1
t = 10 and 100



Numerical test 3: Collapse of a Bingham column (new benchmark)
31

§ 2D and 3D Bingham dam break problem: effective viscosity, yielded regions and adapted mesh

2D

3D

2D and 3D Bingham collapse (a=10) with Bn = 0:1 at t = 1; 100; 200; 300



Numerical test 4: Compressed material (new benchmark)
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§ Different buckling regime

(
a
)

(
b
)

(
c
)



Numerical test 4: Compressed material (new benchmark)
33

§ Main results

A. Pereira, A. Larcher, E. Hachem, R. Valette, Capillary, viscous, and geometrical effects on the buckling of 
power-law fluid filaments under compression stresses. Computers & Fluids, 190, 514-519 (2019)

Experimental comparisons Extensive analysisReliable Eulerian Framework



Numerical test 5: Bingham droplet in water (new benchmark)
34

§ Yield stress water-entry: “microfluidic encapsulation”



Numerical test 5: Bingham droplet in water (new benchmark)
35

§ Main results: new patent for encapsulation



Challenge 1: phase change and boiling
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q Thermal threatment in heating furnaces and quenching tanks

- Performed on a material at a solid state
- To alter its microstructure and properties

q A good thermal threatment :

q Manufacturing of complex components for the aerospace,
aeronautics and automotive industry

- Better quality and availability of products
- Safer and secured equipments
- Reduce waste and produce durable materials
- Avoid repetative manufacturing



Challenge 1: phase change and boiling
37

High thermal gradients

Liquid-gas-solid interactions

T ~ 30°C

Solid 
T ~ 1200°C

Fluid

Turbulent boiling

Phase change 

q Scheme of the quenching process



Challenge 1: aid to decision
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q Water tank quenching and analysis of the geometry, position, orientation…



Challenge 2: Jet impinging for cooling
39

1000 cores



Challenge 3: Aerodynamic performance for a drone and an airship
40

ZOOM

G Guiza, A Larcher, A Goetz, L Billon, P Meliga, E Hachem, Anisotropic boundary layer mesh generation for reliable 3D unsteady RANS simulations, Finite Elements
in Analysis and Design 170, 103345, 2020

J Sari, F Cremonesi, M Khalloufi, F Cauneau, P Meliga, Y Mesri,  E. Hachem, Anisotropic adaptive stabilized finite element solver for RANS models, International 
Journal for Numerical Methods in Fluids 86 (11), 717-736, 2018

q SFEM for Spalart–Allmaras turbulence model



Challenge 3: Aerodynamic performance for a drone and an airship
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Challenge 4: towards coupling CFD and Data Sciences
42



Challenge 4: towards coupling CFD and Data Sciences
43

Error: 5%

-Jonathan Viquerat, Elie Hachem, A supervised neural network for drag prediction of arbitrary 2D shapes in low Reynolds number flows, submitted to Computers & Fluids



Challenge 4: towards coupling CFD and Data Sciences
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-Jonathan Viquerat, Hassan Ghroueib , Jean Rabault , Alexander Kuhnle,, Aurélien Larcher, Elie Hachem Direct shape optimization through 
deep reinforcement learning, submitted to Journal of Computational Physics

-Paul Garnier, Jonathan Viquerat, Jean Rabault , Aurélien Larcher, Alexander Kuhnle, Elie Hachem, A review on Deep Reinforcement 
Learning for Fluid Mechanics, submitted to Computers & Fluids



Thank you for your attention
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Thanks to all the members of the CFL Research group

elie.hachem@mines-paristech.fr



Conservative interpolation
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Ensuring conservation of linear momentum and mass


